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ABSTRACT

For nonparsmetric detection of narrowband
signals in narrovband noise the zero sedians
ansumption of the lov-pass known-aignal detsction
problem becomes the zero marginal medians
assumption on the in-phase and quadrature noise
components, Detectors based on conditional tests
are defined for this problem which may be
considered as being the most logical counterparts
of the low-pass sign correlator detector. In
addition, the symmetry assusption on the noise
probability densities in the univariate case
becomes a diagonal symmetry assumption, for vhich
conditional multi-level nonparemetric detectors are
defined.

INTRODUCTION

For detection of s completely known lov-pass
signal in additive noise the sign correlator
detector 1s a simple and useful detector for
nonparametric detectfon, requiring only the
assumption that the independent c_servations
have zero wedisns under the noise-only
hvpothesis., Multi-level extensions of the
sign correlator detector, based on conditional
tests, can also be defined |1) to give more
efticicnt nonparametric detection under a
« mmetry assumption on the noise probability
den- itv functions (pdf'a). By a nonparametric
Avtoctir we will mean one which for any finite
.. mle size has s constant false-alarm jprobabtlity
under the noise-only hypothesis, for some
nonparametric class of nolse pdf'e.

in this paper we will examine some detectors
which may be viewed ss counterparts of the sign
correlator detector, for detection of coherent
and incoherent narrovband signals in additive
narrowband nofse. Our objective is to define
a narrovband detector which might be considered to
be the counterpart of the univariate sign
detector. We shall slso see that an extension to
multi-level detectors 1s also possible for such a
detector, in exactly the same way that the .
multi-level sign correlator detector may be defined
for known low-pass signal detection in
svemsetrically distributed noise. These narrowband
detectors turn out to require conditional test
implementaticns, as ve will see.

The usual representation of an incoherent

narrovhand signal observed in additive narrowband

*This research is supported by the Air Force Office
of Scientific Resesrch under Crant AFOSR 82-0022

noise Wit) {s

X(t) = ¢ vit) coslugt ¢ () + o] ¢ Wie) 1

vhere v(t) and ¢(t) are known low-pass
modulations, ¢ is & random phase angle uniformly
distributed on (0, 23], and the noise proress Wit)
is stationsry, zero-mean, bandpass white nojse.
The observation vectors processed bv a detector
are assumed to be the vector Xj and Xg of
uniformnly sampled in-phase and quadrature
components Xpq and XQ, respectivelv, { &« 1, 2,
veey Ns We have

Xgg = 0 (a4 cose ¢ gy sine) ¢ Wy (la)
and

L4
Xqi = ¢ (-ap4 sin® + sqq cosi) ¢+ Wo;, (2b)

i are samples of vi(t) coselt)
An alternate

vhere syq and
and ~v(t) siné(t), respectivelv.
statesent of (28) and (2b) is

~ ”~
Xy @ 05 o7 IV e wy, on

in which in genecal ve define :i " Arg ¢ JAgg
Note that for the completely known narrowbind
signal detection problem ve have ¢ « 0 {n (1) and
{3}, In both cases under the null (noise-onlyv)
hvpothesis H ve have 8 = O and under the alter-
native K we have ¢ > 0.

When 8 = O the observations sre (Xy;,
XQ{) e (Wyy, 'Qi)' Let fyg be the common
bivariate probability densitv function (pdf) of
the nofse terms (Wpj, Woqd, 4 = 1.2, ... n,
The general assusption is that these bivartate
sasplea are independent random samples in

entica 1huted. The

assumption on W(t) also makes Wy and g,
uncorrelated random varfables for each {. 1In
order to obtain nonpsrametric detectors with a
constant false-alarm probabilitv under H some
further assusptions need to be made shout fq.

RONPARAMETRIC CLASSES OF BIVARIATE NOISF DENSITIES

In the case of nonperawetric deterticn of o
known low-pass signal in additive noise a common
assumption made about the noine distribution
tunction 1s that its median valve is zero.

This makes the sign correlator detector a constant

Approved for pudblie releasd
distribution unlimited.
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falze-alara probabiifty detector. A further
assumption which mav be made to get more officient
detectors such as wulti-level and signed-rank
datectors is thet of symmetry of the noise pdf.

We will nowv tonsider some corresponding

conditions which say be {mposed on the bivariate
nolse pdf IIQ'

Let Fyq be the distribution function

corresponding to f1g, A simple extension of the
gero mediane sesumption in the univariste case is
the zero marginal medians ption

Fo(0, ®) = Fiole, 0)
¢ o 1/d : )

we shall be interested in defining s "aign”
detecter in the narrowband situation which is
nonparsmetric in its performance, under H, for
this sssusption on Fiq. An sdditional
assumption which may be reasonable is that

']Q(O. 0) » 1/6 . (§7]
This conditicn together with (4) may be described
a8 an equal-probability quadrants sssusption,

A direct extension of the univariate

symmetrv sssumption is that of disgonsl symsmetry
in the bivariate case. Por ‘IQ this becomes

figtus v) » frol-u,=v), all u, v. (6)
Diagonal symmetry implies thet the sarginal
medians are zero. A stronger symmetry assumption

is that of rectangular svemetry (component-wise
symmetry), under which

fiofu, v) = fiolu, =v) = fro(-u, v), all 6, v.(?)

One can add an interchangeability (permutation
invariance) sssumption vhich requires

fiqtu, v) = frqlv, u), all v, v . 8
Note that disgonal symsetry together with
interchangeabjlity may be a reasonable assusption
about frq, but does not guarantee that Wi( and
Woy are uncorrelated. The rectangular symmetry
assumption does imply this property for (Wpy,
Woyl. Ve slso find that with rectangular
sysmetty the equal-probability quadrants
assumption [(4) and (5)) 1s setisfied.

A special case of rectangular symmetry and
interchangeabiiity is obtained by the circular
sysmetry sssusption, which for fiq is

f1gfu, v) MA&T » v

for h anv non-negative function on |0, ®). (n
fact 2urhig) l-zt;’! the pdf of the envelope
sasples (Mfq+ LR . Thus circular

symmetry {s one of the strongest essumptions one
can make in extending the univeriste 2ero median
and symsmetry assumptions, and the zero sarginal
wedians assumption or that of disgonal symeetry

(8 )]
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is one of the weakest.
NARROWBAND NONPARAMETRIC "SIGN™ DETLCTORS

Hard-limiter Narrowband Correlator {(NNC)
Detectors

The linear narrowband correlator (LNC)
detector for a completely known narrowband
signal uses the test statiastic

am !

-~ o~
e 0 = B onet?, ¥
Normalizstion of the X; to unit envelope values
prior to their use in the sbove correlstion gives
the hard-limiter narrowband correlator (HNC) test
statistic
-~ n ~

e B o T RelS; K1) an
This is one logical counterpart of the sign
detector for a cowmpletely known low-pass aignal.
The HKC detector may be taken to be a
nonparasetric detector for the class of noise
vhich are circularly symssetrir.
This follows because X;/|X;{ 1s
then uniforsly distributeg on the unit circle, and
the distribution of Tyyc(X) is fixed and
known under H.

The asyuptotic relative €fficiency (ARF) of
the HNC detector relative to the LNC detector for
completely known narrowband signal in Gaussian
noise can be established to be ARFync 1nc = */4
{2-4). For the case vhore hir) is the
exponential function this ARE becomes 1.5. A
general ox:ron.lcn of the ARE for a generalized
exponent t* in hir) 1s given in {4},

For the incoherent narrowhand sipnal the HNC
test statistic may be modified to hucome

n “
Tave 0 = 1 5 TROX0 L Gz

The resulting detector 1s also nonparametric foi
the class of circularly svemetric noise pdf's and
its ARE compared to the corresponding INC detecto
ia the same as in the case of cumpletelv known
narrowband signals [2-4]).

In low-pass known-signal detection the ARL
of the sign detector relative to the optimum
detector for Gaussian noise is 2/8. The abnve
result of 7/4 indicates better relative
performance in the natrowband case, but then the
HNC detector msay not quite be taken as the
counterpart of the low-pass known-signal sign
detector.

As another direct countrrpart of the sign
detector for a completelv known low=pans sipnal,
we can define in the narrowhand case the
narrovhand sign cortelator detector hased nn
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sgn X_.)

sgn Xp, *+ Q1

s s
C = =
NS i=1 It Qi (1%
n ~ "~
- )
- 11_31 Re['i “1 }
wvhere Hy = (sgn X34 ¢ J sgn Xgq). In
the incoherent case the appropriate test

statistic is

-

-~ n
Tyse XV = | [ 3y B2 (e
i=1

In order for these detectors to have constant
false-alatm probabilities the class of sllovable
noise pdf's must be comprised of pdf's f1q

which result in (sgn Xpg, sgn XQ‘) having s

fixed distribution over its possible values under
H. For the class of noise pdf's which give
equal-probability quadranta this requirement ia
fultilled, and, in fact, sgn X1y and agn Xo4

are independent under H.

It {s interesting to note that the narrowband
a2ign detectors defined above can be vieved as
versions of the HNC detectors in which the phase
angle of X4/iXg| 1s quantized to the
values /4, 38/4, Su/é and 79/4 in the
first through fourth quadrants, respectively.
Such phase quantigzed detectors have been
previously considered [2,3), and their ARE
relative to the LRC detectors can be shown to be
2/% for Gaussian noise. In fact, guantization of
the phase angle {nto more than four levels is
possible; under the circular symmetry assumption
the resulting detectors will remain nonparsmsetric
in their null-hypothesis performance.

NSC Conditional Test Detectors

For the narrowband sign correlator
detectors we require assumption (5) in addition to
the zero marginal medians essumption in order to
establish that they are nonparametric. Here we
shall develop nonparametric detectors applicable
for narrowband signal detection which operate
under the assuaption only of zero marginal
medians.

In the univariate case for the zero median
null hvpothesis the sign test is based on
partitioning the observation space R ® (- @, ®)
into equal probability subsets (-, 0] and (0, ®).
In the present case, under the zero marginal
medians null hypothesis, both of the overlapping
subsets {(u, v)iu S O} and {(u, v)iv £ O} have
probability 1/2. Thus there are tve ways of
defining a dichotomous partition of R¢ for
the purpose of defining & sign test. Neither one
by itself may be useful for the entire range of
signal-present situations of interest to us in
narrovband signal detection.

One obvious method of partitioning &2 for
a sign test is the partitioning provided by the
four quaidrants, which we shall nov label as C],
D1, €2, D2 for first, second, third and fourth
quadrants, respectively. This notstion emphasizes
that tn Cl and C2 the points are concordant (have
the same esign for each component) and in Dl and D2
they aro discordant. The sero sarginal mediane
rondition specifies only that under B P{C1 U DI} =

P{Cl U D2) e 1/2. This allows us to infer that,
under H, P{C}} @ P{C2} ond P{DI} = PiD:}. and
for the conditional aull-hvpothestis
probabilities of Cl, C2, D! and D2, with ¢ =

Cl UC2 and D= Dl U D2, that

P{C1{C,H} = P{C2{C.H}

- 1/2 (1543
P(D1|D, M} = P{D2ID,H}

=172 €154L)

These are counterparts of the simple unconditional
statesent that each half of the real line has
probability 1/2 under H in the univariate cane.

This observation suggests that it should be
possible to use conditional tests to obtain
detectors thet will be nonparametric in detecting
narrovband signals in nofse for which fy in
known only to hsve zero marginal mediana.
Consider Tygc(X) of (13) and (14). We tind
that in each case the distribution of the
components of the By is not completely
specified under the 2erc marginal medtans nuil
hypothesis. However, conditioned on the value
of My = sgn Xpq4 sgn th ({.e.. given (X1,

Xqi? ie in C or othervise) we find that *, ts
equally likely to be 1 ¢ jN; QF -1 = M) under
this null hypothesis. Thus given the verto:r

Mo (M, M2, ..., M) the distribution of
T'sc(g) is fixed and known under the zero
sarginal wedians null hypothesis. We cwn in
fact show that tt {s sufficient to condition onlv
on the sum

a
Me I N
i=1
= K¢ - Np .
® 2N¢ - n R3]

or simply N¢, the total number uf sipn
concordances (Np s the tots) number of
discogdances) to make the distributions of
Tusc(X) fixed and known under this H. This
follows because given No there ate (y )
equally likely possible values of M undrr the
null hypothesis.

Thus the feplesentation of a narrowhand aien
correlator detector which is nonparametric in it
performance under the gero marginal medians null
hypothests requires a stored tahle of threshoid
and randomizations vhich are picked out as
functions of W or Nc. The size of the tables
grovs linearly with n and the individual threahold
and randomization veluea depend onlv on K¢ (or
M), the desired falee alare prohahilitv and the
known vector .

Let us consider a useful special . ane.
For the incoherent narrowband aignal the test
statistic (14) may be written as

- g g oy -
A e

g
[




Tasc!X) = T AP T 3P an

~ ~ -~ -
vhere s = (s}, 83, ..., 8,) and H {s
similarly defined, with "h" denoting the
conjugate~transpose. Now consider the detectfon
of a random phase ainusoidal waveform, so that
¢(t) = 0 and vit) » 1 in (1). This means that
ey =1 4 JO so that (17) becomes

~ n n
Tsc(X) = ( L sgn Xl‘)z ¢+ (L eogn Xqi)z
i=1 i=1
. T, TP (18)

vhere Ty = ITg(X1), To(Xg) !, the

row vector of component sign test statistice for
X1 = (X3, X12s +2cs Xgn?) and for

Xq. Since the test statistic is to be used in

a test conditional on M, one can normalize (18) by
the conditional covariance matrix V of T,.

The conditional expected value of T,, given

N, under H, is O, and we have

V = E{T,P T,IN,H)

[l

This gives as an equivalent to TNSC‘Z’ of (18)
(for conditional testing)

) ‘1_h
Tasye X =1, ¥ I,
(Ngy - Ng/2)?
- Nc/‘
. O - yr2)?
N, /4 : (20)

Here N¢) is the total nusber of observations
lying in region C} (first quadrant), ete. Thie
result follows after some algebra, and is easy
to interpret as the sum of two-sided sign tests
appliad separately to observations in C and D.
These twvo separate sign test statistics are
conditionally independent, given No or Np

(or M @ K¢ ¢ Np) under H.

The bivariste sign test statistic of (20) was
originslly developed by Chatterjee [5,6). 1In ite
un-normalized form it has been essentially
extended here to the test statistic (17) for the
genetal incoherent narrowband signal detection
problem. It turns out that the bivariate sign
test statistic of (20) has for m® an asymptotic
conditional distribution, under H and conditioned
on Kc, which is the chi-equared (2) distribution.
Under an appropriste sequence of slternatives its
conditfonal distrfbutfon aleo converges to a
non-central chi-squared distcibution vhich 1s the
fsame as the unconditional asymptotic distribution.
These statements can also he made for the wmore
renecal bivartete sign correlator and nacrowvband
aign correlator statietic of (17), These resulte
allov the ARE of the nonparametric detector bssed
on the narrovband sign correlator statistic to be
obtained relative to the LNC detector; for
Gaussian noise the ARE is 2/,

e I e T T L T N T T TR S RN T T O SO

In order to obtain fmproved efficiency, ft
is now passible to use a multi-leve] test on earh
of the regions C and D, provided diagonal
sysmmetry can be assumed. The idea is now to
subdivide Cl and C2 as Cl » Cl) U Cijy and C2 =
C2y U €22, for example, with Cli ¥ €2y
forming a region closed under slgn changes in both
components. The basic jdea is similar to that in
the univariste case [1]. The problem is that the
complexity of the test grows faster, slthough »
simple "dead-zone” type test statistic should
require conditioning on only two scalatrs {numbers
of observations in Cly U C2; and in DI, U
D2y).

In conclusion we note that it {e also not
possible to define narrowband signed-rank tests.
even under the strong svemetry sssumptions
considered earlier, without use of conditional
tests. Under the simplest assumption of diasgonal
symmetry it is possible to define conditional
bivariate signed-rank tests (6] which mav he
extended to apply in the general narrowband case.
The complexity of such true finite-simple
nonparametric signed~rank tests would probablv
render them impractical for most applications.
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